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ABSTRACT
Hydraulic bushings are widely employed in vehicle
suspension and sub-frame systems to control motion, and
isolate noise and vibration. Although such devices exhibit
significant excitation-profile-dependent dynamic properties,
prior literature mainly focused on linear system analyses. Thus,
this article examines the nonlinear characteristics of common
hydraulic bushing configurations. First, a nonlinear model for a
bushing with long and short passages in parallel is developed
using a lumped parameter approach. Then the system
parameters and nonlinearities of a laboratory prototype are
identified using experiments and finite element tools, with an
emphasis on the characterization of the flow passages. Steady
state harmonic and transient step experiments are conducted on
the prototype, and the pressures inside two fluid chambers and
the force transmitted to the base are measured. Solutions of the
nonlinear model show that the proposed model can well predict
both steady state sinusoidal and transient responses for either
single or multi-passage configurations.
INTRODUCTION
A typical hydraulic bushing usually consists of inner and
outer metal sleeves, a rubber element, and two hydraulic
chambers filled with anti-freeze and water mixture [1-6]. The
two chambers are usually connected by one or more flow
passages which communicate fluid between two chambers
when a relative deflection of the inner and outer metal sleeves
causes pressures to vary. Although hydraulic bushings exhibit
significant frequency-dependent and amplitude-sensitive
properties, prior articles essentially employed linear system
theory to examine their spectral characteristics [1-5]. Therefore,
specific objectives of this paper are as follows: (1) Formulate
the nonlinear model of common fluid-filled bushing
configurations, and identify fluid passage nonlinearities via
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experiments on a laboratory prototype; and (2) Validate the
nonlinear model by comparing harmonic and transient response
predictions with measurements.
NONLINEAR FLUID SYSTEM MODEL
The fluid model for a bushing with parallel long and short
flow passages is developed in Fig. 1. The hydraulic elements
are represented by several control volumes, and incompressible
flow is assumed. Note that the internal long fluid passage (#i,
the inertia track) is shown as external tubing for the sake of
clarity. Static and dynamic displacement excitations are applied
to the inner metal part while the outer metal sleeve is fixed
relative to the inner sleeve. The rubber element (#r) is
represented by a Kelvin-Voigt model with excitation
displacement-dependent rubber stiffness kr(x) and viscous
damping coefficient cr(x). The two fluid chambers (#1 and #2)
are described by nonlinear compliance elements C1(p1) and
C2(p2), respectively, with effective pumping areas A1 and A2.
The fluid passages are represented by nonlinear fluid inertances
Ii(qi) and Is(qs) and nonlinear fluid resistances Ri(qi) and Rs(qs),
respectively, where q is the volumetric flow rate. Note that Ri
and Rs also include the minor momentum losses at the tube
fittings and bends, etc. [7].
The dynamic displacement excitation x(t), from the static
equilibrium, is applied to the bushing (under a mean load fm ).
By applying the momentum and continuity equations to each
flow passage and two fluid chambers, the following equations
are obtained:
(1a)
p1 (t ) − p2=
(t ) I i ( qi ) qi (t ) + Ri ( qi ) qi (t ) ,
p1 (t ) − p=
(t ) I s ( qs ) q s (t ) + Rs ( qs ) qs (t ) ,
2

(1b)

C1 ( p1 ) p 1 (t ) ,
− A1 x (t ) − qi (t ) − qs (t ) =

(1c)

A2 x (t ) + qi (t ) + qs (t ) =
C2 ( p2 ) p 2 (t ) .

1

(1d)
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Here, qi(t) and qs(t) are the dynamic volumetric flow rates
through long track and short passages, and p1(t) and p2(t) are
the dynamic pressures inside the two fluid chambers,
respectively. When only one passage is used, say a long inertia
track, the governing equations for that configuration are
obtained by setting qs(t) = 0 and Rs→∞.

where X = 2Ax is the peak to peak (p-p) value. Significant
amplitude and frequency dependence is observed from the
measured dynamic stiffness spectra for B1, B2, and B3
configurations with X = 0.1 and 1.0 mm.
Next, a step-up and step-down displacement excitation is
also applied to the prototype device under a mean load.
Measurements of transient responses imply that the dynamic
responses highly depend on the step excitation amplitude.
Accordingly, the nonlinear system parameters must be
identified to model the excitation profile dependent properties.
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Figure 1. NONLINEAR FLUID SYSTEM MODEL OF A
HYBRAULIC BUSHING.

With respect to the total dynamic force transmitted to the
outer sleeve, fT(t) is divided into the rubber (subscript r) and
hydraulic (subscript h) paths:
, f Tr (t ) k r ( x ) x (t ) + cr ( x ) x (t ) ,
f T (t ) =
f m + f Tr (t ) + f Th (t )=

=
f Th (t ) A2 p2 (t ) − A1 p1 (t ) .

(2a-c)

EXPERIMENTAL STUDIES
A laboratory device, as described in our prior article [4], is
utilized to characterize bushing nonlinearities. This device
consists of two similar chambers filled with water and a
customized mid-plate which accommodates external long and
short flow passages. To simulate typical real life fluid-filled
bushing designs, three configurations of the prototype, as
illustrated in Fig. 2 (a) to (c), are evaluated. First, configuration
B1 is investigated when the two hydraulic chambers are
connected by only one long passage. Second, B2 configuration
is examined when the long passages are closed and the short
passage orifice is fully open. Finally, the combination of long
and short passages in parallel is examined by using B3
configuration; refer to [4] for more details.
The steady state sinusoidal experiments are first conducted
on the above mentioned configurations using a non-resonant
elastomer test machine (MTS 831.50, [8]). A sinusoidal
is applied to
displacement excitation 𝑥(𝑡) = 𝐴𝑥 sin 2𝜋𝑓𝑡
the prototype device under a mean load, where Ax is the zero to
peak amplitude, and f is the excitation frequency (Hz). The
transmitted force fT(t) and dynamic pressure inside two
chambers, p1(t) and p2(t), are measured from 1 to 60 Hz with 1
Hz increment under two amplitudes, X = 0.1 and 1.0 mm,
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Figure 2. CONFIGURATIONS OF THE HYDRUALIC BUSHING
CONSTRUCTED
FOR
LABORATORY
STUDIES.
(a)
CONFIGURATION B1 WITH LONG FLUID PASSAGE OF
DIAMETER di; (b) CONFIGURATION B2 WITH SHORT FLOW
PASSAGE WITH RESTRICTION DIAMETER do; (c)
CONFIGURATION B3 WITH PARALLEL LONG AND SHORT
FLOW PASSAGES.

IDENTIFICATION OF SYSTEM PARAMETERS
The rubber path is approximated by the Kelvin-Voigt
model, rubber stiffness and viscous damping elements kr (ω, X)
and cr(X) are estimated by interpolating measured dynamic
stiffness of a bushing with fluid drained.
In order to estimate C1 or C2, a laboratory experiment is
carried out to measure a change in chamber internal volume
(ΔV) due to an incremental pressure (Δp). Then the fluid
compliance around an operating point (o) is estimated as
𝐶 ≈ ∆𝑉/∆𝑝|o . It is observed from measured ΔV vs. Δp data that
as the pressure is increased from 0 to around 180 kPa, ∆𝑉/∆𝑝
variation is less than 15%. Therefore, C1 and C2 are assumed to
be linear, and their values are estimated based on a linear
polynomial fit of measurements. The effective pumping areas
A1,2 are examined next by employing a structural finite element
code. Results show that a variation of A1,2 is less than 3% when
the load is varied from 100 to 1000 N. Thus, A1,2 values are also
assumed to be constant.
Inertance of long and short passages is calculated as
𝐼𝑖 = 𝜌𝑙𝑖 /𝐴𝑖 and 𝐼𝑠 = 𝜌𝑙𝑠 /𝐴𝑠 by assuming unsteady turbulent
flow [9].
A bench experiment is conducted to measure the steady
flow rate (q) through each fluid passage under a pressure
differential (∆p, range from 6.9 to 206.8 kPa). Experimental

2
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results show that the Δp to q relationship is nonlinear for each
passage. Accordingly, the nonlinear resistance (Ri(qi)) of a long
passage is defined based on a fully developed turbulent flow in
a smooth circular pipe [7] as:

responses of B2 and B3. These comparisons confirm that the
nonlinear model represents the nonlinearities well in the
transient responses for both single and dual-passage bushing
configurations.

0.242li µ ρ
∆p
0.75
= λi
qi .
(3)
4.75
qi
di
Here, an empirical scaling factor λi ≈ 1.4 is employed to
account for momentum losses at the tube bends and fittings,
and ρ and μ are the water density and viscosity, respectively.
The nonlinear resistance Rs(qs) for a short passage of
effective diameter do is defined by using the well known orifice
formula [7] with an empirical factor λs:
0.25

0.75

(a)

Ri ( q=
)
i

Rs ( qs ) = λs

ρ
2

2

qs .
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Here, Cd is the discharge coefficient and 𝐴𝑜 = 𝜋𝑑𝑜2 /4 is the
geometric cross-sectional area.
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Figure 4. COMPARISON OF PREDICTED AND MEASURED
TRANSIENT RESPONSES FOR CONFIGURATION B1. (a)
STEP-UP RESPONSE WITH STEP EXCITATION AMPLITUDE
Ae = Axt; (b) STEP-DOWN RESPONSE WITH Ae = 2Axt. KEY:
, NONLINEAR MODEL;
, MEASUREMENTS.

CONCLUSION
This study has developed a refined nonlinear model for a
bushing with long and short passages and identified key
nonlinear parameters using theory and experiment. The system
nonlinearities are found to be dominated by the fluid resistance
terms and thus these are defined based on the turbulent flow
formulation. By using the nonlinear model, three configurations
of the laboratory prototype device are examined. The nonlinear
model is solved by using the numerical integration method, and
its predictions match well with both steady state harmonic and
transient measurements for either single or multi-passage
configurations. Such nonlinear models should lead to better
industrial design and tuning processes.
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EXPERIMENTAL
VALIDATION
OF
NONLINEAR
MODEL
Based on the identified system parameters, this nonlinear
model is numerically solved using an explicit 4th and 5th order
Runge-Kutta method. The steady state harmonic responses
predicted by the nonlinear model are compared with measured
pressure and transmitted force. Excellent agreement between
the nonlinear model and measurements are observed for both
low and high excitation amplitudes. For example, the predicted
steady harmonic responses of B2 under 10 Hz excitation, as
shown in Fig. 3, provides an excellent agreement with
measurements at both X = 0.1 and 1.0 mm, especially for the
super-harmonic terms.
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Figure 3. COMPARISON OF NONLINEAR MODEL
PREDICTIONS AND MEASUREMENTS FOR HARMONIC
RESPONSES OF CONFIGURATION B2 AT 10 HZ. (a) X = 0.1
mm; (b) X = 1.0 mm. KEY:
, NONLINEAR MODEL;
, MEASUREMENTS.

The nonlinear model predictions of the step-up and stepdown responses of B1 are compared in Fig. 4 with transmitted
force measurements. Predicted fT(t) matches well with
measured forces as shown in Fig. 4. Likewise, an excellent
agreement is observed for both step-up and step-down
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